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ABSTRACT 
An i n t e r e s t i n g  and l i t t l e  discussed c l a s s  of problems i n  t h e  theory  
of  beams, p l a t e s ,  and s h e l l s  i s  suggested by t h e  contac t  of a pneumatic 
t i r e  with a roadway. It i s  a purpose of t h e  present  d i scuss ion  t o  con- 
s i d e r  i n  d e t a i l  t h e  va r ious  s t r e s s e s  and deformations which occur  i n  
c e r t a i n  simple symmetric s h e l l s  which are forced i n t o  contac t  with 
r i g i d  f la t  surfaces .  It i s  hoped t h a t  d e t a i l e d  s o l u t i o n s  of  relatively 
s i m D l e  problems w t l l  sic! in byir,g t h e  fcur,dation oii xhich m y  be based 
d i scuss ions  of more complicated problems. 
Shear deformation has been included i n  t h e  governing equat ions of  
l i n e a r ,  small deformation shell t heo ry  under t h e  premise t h a t  t h e  
rap id  changes of curva ture  which may occur near  t h e  contact  region might 
l e a d  t o  s i g n i f i c a n t  shea r  s t r e s s e s  and s t r a i n s ,  It i s  assumed t h a t  
su r f ace  normal stresses are appl ied i n  t h e  contac t  region while sur face  
shea r  stresses are neglected,  
It has been s h m n  that a poss ib l e  means f o r  analyzing such prob- 
l e m s  involves  t h e  so lv ing  of the system equat ions sepa ra t e ly  i n  t h e  
f r e e  region and i n  t h e  contac t  region. The two s o l u t i o n s  are then  
matched a t  t h e  common boundary a t  t h e  edge of t h e  contac t  region.  
This method has  been applied t o  contac t  problems involving h a l f -  
r i n g s  and s p h e r i c a l  caps.  Numerical r e s u l t s  show t h a t  t h e  e f f e c t  of 
shea r  deformation should not be neglected when t h e  rad ius- to- th ickness  
r a t i o  i s  10 o r  less. 
Experiments performed on rubber h a l f - r i n g s  tended t o  v e r i f y  t h e  
shear-deformation a n a l y s i s .  
normal stress d i s t r i b u t i o n  i n  the contac t  region.  Although t h e  shear-  
deformation analysis o f f e r s  a b e t t e r  approximation than  t h e  c l a s s i c a l  
bending theory,  it may be surmised from t h e  r e s u l t s  given he re  t h a t  
transverse normal stresses and s t r a i n s  should be included f o r  accu ra t e  
p r e d i c t i o n  of t h i s  quan t i ty .  
An except ion i s  t h e  p r e d i c t i o n  of t h e  
ix 
CHAPTER I 
INTRODUCTION 
An i n t e r e s t i n g  c l a s s  of problems i n  t h e  theory  of beams, p l a t e s ,  
and s h e l l s  is  suggested by t h e  contac t  of  a pneumatic t i r e  with a 
roadway. Included i n  t h i s  c l a s s  might be s t a t i c  and dynamic problems 
where some p o r t i o n  of t h e  body being considered i s  forced t o  come i n t o  
contac t  wi th  another  r i g i d  or e l a s t i c  sur face .  Thus a displacement 
condi t ion  i s  imposed on t h e  contact region of t h e  body and known normal 
s t r e s s e s  a c t  on t h e  remainder o f  t h e  sur face .  
Only a f e w  d i scuss ions  on t h i s  subjec t  are known t o  t h e  cu r ren t  
Bas i ca l ly  two types  of a n a l y t i c a l  approaches have been used au thor .  
i n  solving t h e s e  problems. 
assume t h e  Kirchhoff hypothesis of c l a s s i c a l  beam, p l a t e ,  and  s h e l l  
theory.  This  leads  t o  a shear  stress r e s u l t a n t  d i s c o n t i n u i t y  a t  t h e  
boundary between t h e  contac t  region of t h e  body and t h e  po r t ion  of 
t h e  body which does not  remain i n  con tac t .  The o t h e r  approach has  
been t o  inc lude  t h e  e f f e c t  of  shear  deformation uoder t h e  premise 
t h a t  t h e  rapid changes of curvature  which may occur near  t h e  contac t  
region might lead t o  s i g n i f i c a n t  shear  s t r a i n s  and s t r e s s e s .  
The most common approach has been t o  
Theories which do not include t h e  e f f e c t s  of shear  deformation 
1 have been used i n  mxmy discuss ions .  Most r e c e n t l y  Wu and P lunket t  
have considered t h e  l a r g e  deformation of two t h i n  c i r c u l a r  r i n g s  which 
1 
2 
a r e  forced i n t o  con tac t  by t h e  moving t o g e t h e r  of  two r i g i d  s u r f a c e s .  
They ind ica t ed  t h a t  t h e  assumption of  p e r f e c t  s l i p  between t h e  con tac t -  
ing su r faces  might be inaccura t e  s ince  t h e  major p o r t i o n  of t h e  app l i ed  
normal load i s  provided by t h e  shea r  f o r c e  d i s c o n t i n u i t y  a t  t h e  edge 
of t h e  contact  region.  Gudramovich and Mossakovskii have solved a 
2 
problem involving an e l a s t i c  r i n g  which i s  loaded by a su r face  tangen- 
t i a l  stress appl ied s i n u s o i d a l l y  a long t h e  circumference and, by t h i s  
means, pressed i n t o  con tac t  with a segment o f  a c i r c u l a r  a r c .  Seve ra l  
bending problems involving s t r a i g h t  beams which a r e  forced i n t o  con tac t  
with r i g i d  su r faces  a r e  discussed by Timoshenko. 
3 
I n  Ref. 4 he so lves  
two problems involving c i r c u l a r  p l a t e s .  
The contact of pneumatic t i r e s  with a r i g i d  su r face  has  been 
I n  t h e  sub jec t  of s e v e r a l  r e p o r t s  by S. K. Clark and a s s o c i a t e s .  
R e f ,  5 t h e  Theorem of Minimum P o t e n t i a l  Energy i s  used t o  determine 
t h e  deformations and stresses i n  a t i r e  s t a t i c a l l y  pressed a g a i n s t  a 
r i g i d  f l a t  su r face .  
by applying the  cond i t ion  t h a t  t h e  normal p re s su re  must be zero a t  
t h e  edge of t he  region. 
weak e l a s t i c  foundat ion,  
The l eng th  of t h e  con tac t  region i s  determined 
An analog f o r  a t i r e  i s  an e l a s t i c  r i n g  on a 
I n  t h e s e  ana lyses  t h e  shea r  stress re- 6,7 
s u l t a n t  i s  again considered discont inuous.  
Whether an approximation t o  t h e  shea r  d i s c o n t i n u i t y  i s  a c t u a l l y  
developed a t  the edge of a con tac t  region i s  an open ques t ion  a t  t h e  
p re sen t  t i m e .  
information using a p h o t o e l a s t i c  " r i g i d "  su r face .  Some p res su re  
Mossakovskii was unsuccessful  i n  ob ta in ing  d e t a i l e d  
3 
measurements on automobile t i r e s  i n d i c a t e  no inc rease  of p re s su re  a t  
t h e  o u t e r  per iphery  of t h e  contact  reg ion ,  while  o the r s  show t h i s  e f -  
f e c t .  
t h e  con tac t  reg ion  of a n  a i r c r a f t  t i r e  are developed near  t h e  edge of 
con tac t .  
However t h e r e  is  some evidence t h a t  t h e  h ighes t  p re s su res  i n  
This  may be due t o  t h e  l a r g e  d e f l e c t i o n s  and i n c i p i e n t  buck- 
l:?~, Tr. +hn uLLb _--_ uL p u I u  -A+.+ Lrall I.. 16'- rLl== <- - -  (see ~ i g u r e  171, iiizasurements in-  
d i c a t e  t h a t  peak p res su re  occurs at t h e  c e n t e r  of con tac t .  There i s  
no evidence of  t h e  concentrated f o r c e .  The magnitudes of q u a n t i t i e s  
such as t h e  r a t io  of r ad ius  t o  th i ckness ,  t h e  e l a s t i c  modulus, and t h e  
deformations may s t r o n g l y  inf luence t h e  shape of t h e  p re s su re  d i s t r i b u -  
t i o n  i n  t h e  contac t  region.  
a Essenburg uses  Reissner  p l a t e  t heo ry  t o  so lve  a problem involving 
c i r c u l a r  p l a t e s .  There i s  no shear  d i s c o n t i n u i t y  using t h i s  formulat ion.  
A d i s c o n t i n u i t y  arises i n  the normal su r face  p re s su re  which r i s e s  t o  a 
peak va lue  a t  t h e  edge of  the contact  reg ion  and immediately drops t o  
zero ou t s ide  t h e  region.  
The purposes  of t h e  current  t h e s i s  may be s t a t e d  as fol lows:  
1. Development of a technique f o r  apply ing  s h e l l  t heo ry  inc luding  
shea r  deformation t o  s t a t i c  contact  problems involving simple rings 
and s h e l l s ;  
2. s o l u t i o n  of some rep resen ta t ive  problems using t h i s  technique;  
and 
3 .  experimentat ion designed t o  examine some of t h e  important load 
and deformation q u a n t i t i e s  a r i s i n g  i n  t h e  contac t  of h a l f - r i n g s  with a 
r i g i d  f l a t  su r f ace .  
CHAPTER I1 
GENERAL THEORY 
A.  INTRODUCTION 
The purpose of t h i s  chap te r  i s  t o  develop t h e  g e n e r a l  t heo ry  f o r  
t h e  remainder of t h e  t h e s i s .  To make t h e  material r e l a t i v e l y  se l f -  
contained, t he  f i r s t  s e c t i o n  includes a l i s t i n g  of Naghdi's equat ions 
f o r  a l i n e a r  s h e l l  t h e o r y  which inc ludes  t h e  e f f e c t s  of t r a n s v e r s e  shea r  
deformation, I n  t h e  next two s e c t i o n s  a c a l c u l a t i n g  procedure i s  de- 
veloped f o r  solving problems involving t h e  con tac t  of p a r t i c u l a r  sym- 
me t r i c  s h e l l s  with r i g i d  f l a t  su r f aces .  The chap te r  i s  concluded with 
a d i scuss ion  of boundary cond i t ions  occurr ing i n  such problems and com- 
ments concerning extension of t h e  technique. 
9,10 
Be EQUATIONS OF LINEAR SHELL THEORY INCLUDING TRANSVERSE SHEAR 
DEFORMATION 
If a and 0 a r e  coordinates  of a p o i n t  on t h e  middle su r face  of a 
s h e l l  and 5 i s  t h e  d i s t a n c e  measured along a n  outward normal t o  t h e  
mfddle surface,  t h e  square of  t h e  l i n e a r  element of  t h e  r e s u l t i n g  cur-  
v i l i n e a r  orthogonal coordinate  system i s  
where % and Rg a r e  t h e  p r i n c i p a l  r a d i i  of curvature  of t h e  middle 
s a r f a c e ,  For a n  axisymmetric s h e l l ,  t h e  metr ic  c o e f f i c i e n t s  A and R 
4 
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5 
may be w r i t t e n  as 
I n  surface of r evo lu t ion  coordinates  t h e  equ i l ib r ium equat ions of  R e f .  9 
reduce t o  t h e  fol lowing t h r e e  equat ions:  
where Na and Ng are t h e  normal stress r e s u l t a n t s  i n  t h e  a and 0 d i r e c -  
t i o n s ;  Va i s  t h e  shea r  stress r e s u l t a n t  due t o  t h e  t r a n s v e r s e  shea r  
stress -ra(; and 
t h a t  t h e  non-zero stress couple M0 does not appear  i n  t h e s e  equat ions.  
Q u a n t i t i e s  such as NaQ, Nm, %Q, Mw, and VQ are zero due t o  t h e  sym- 
metry of t h e  problem. 
i s  one of the  stress couples.  It should be noted 
The normal displacement W, which w i l l  be measured p o s i t i v e  along 
an outward normal t o  the middle su r face ,  and t h e  t a n g e n t i a l  d i sp l ace -  
ment Ua, which w i l l  be measured p o s i t i v e  i n  t h e  a - d i r e c t i o n ,  are 
assumed t o  be of t h e  form 
(2.4) 
where u and w are t h e  components of  middle su r face  displacements and 
@ i s  t h e  change 
middle surface.  
s t r a i n s  become 
of s lope of a l i n e  
I n  terms of t h e s e  
6 
which i s  i n i t i a l l y  normal t o  t h e  
q u a n t i t i e s  t h e  middle su r face  
- B J r  
F i n a l l y  tne r e l a t i o n s  between stress r e s u l t a n t s  and  midsurface s t r a i n s  , 
as der ived f r o m  a s h e l l  form of  a v a r i a t i o n a l  theorem due t o  E.  Reissner, ' 3 3 1 1  
are w r i t t e n  as 
where 
When shear deformation i s  neglected i n  an a n a l y s i s ,  c e r t a i n  of t h e  
Equations (2.4), ( 2 . 5 ) ,  and (2.6)  must be r e w r i t t e n  as 
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The last of (2.6) is  de le t ed  ind ica t ing  t h a t  Va is  determined completely 
by equi l ibr ium. 
and w and may be w r i t t e n  
The r o t a t i o n  B must now be spec i f i ed  i n  terms of u 
C. THE SYSTEMS OF EQUATIONS FOR THE ANALYSIS OF A CONTACT PROBLEN 
Figure 1 shows t h e  geometry of t h e  i roblems which are t o  be considered. 
The s h e l l ,  which has  i t s  edge r i g i d l y  f ixed  a t  
Figure 1, Contact of  a c i r c u l a r  r i n g  on sphere wi th  a r i g i d  f l a t  surface.  
01 = &, is symmetric about a = 0 and possesses  a cons tan t  undeformed 
r ad ius  R. 
of a segment of a sphere o r  contact  of a segment of a r i n g  beam. 
r i g i d  f la t  f r i c t i o n l e s s  su r face ,  i n i t i a l l y  i n  contac t  only a t  a = 0, 
This  r e s t r i c t s  t h e  problems which may be solved t o  contac t  
A 
has been moved upward a d is tance  wo. 
bounded by 72 i s  now assumed t o  be i n  contac t .  
placement downward of t h e  edge a = 
problem, 
Some length  of  t h e  beam's sur face  
It i s  c l e a r  t h a t  a d i s -  
of  t h e  s h e l l  c o n s t i t u t e s  t h e  same 
8 
The c a l c u l a t i n g  procedure which w i l l  be used t o  solve t h e s e  prob- 
lems c o n s i s t s  of t h r e e  p a r t s .  The f i r s t  two p a r t s  a r e  completed with 
t h e  s o l u t i o n  of systems of equat ions i n  t h e  con tac t  region and t h e  f r e e  
region.  The t h i r d  p a r t  involves  s a t i s f a c t i o n  of f i x i t y  cond i t ions  a t  
t h e  s h e l l ' s  edge a = (&, examination of symmetry requirements a t  a = 0, 
and matching of t h e  s o l u t i o n s  a t  t h e  edge of t h e  con tac t  region a = a. 
I n  t h e  free region t h e  system of equat ions t o  be solved c o n s i s t s  
of  ( 2 . 3 ) ,  (2.3),  and (2.6) .  
t o  be zero,  q+ = 0 i n  t h e  second of  (2.3).  
form a l i n e a r  o rd ina ry  s ix th -o rde r  system. 
A s  t h e  su r face  normal stress i s  assumed 
The r e s u l t i n g  equat ions 
I n  t h e  contact  region t h e  system w i l l  be s l i g h t l y  more complicated 
+ because of t h e  non-zero normal su r face  stress q which appears  i n  t h e  
second of  (2 .3 ) .  This  new unknown may be balanced by a r e s t r a i n t  equa- 
t i o n  which arises because p o i n t s  on t h e  undeformed su r face  of  t h e  s h e l l  
must move t o  p o i n t s  on t h e  r i g i d  su r face  of c o n t a c t .  This  equat ion,  
which i s  discussed i n  d e t a i l  i n  t h e  next s e c t i o n ,  i s  a r e l a t i o n  between 
t h e  t h r e e  displacements u, w ,  and @ .  The r e s u l t i n g  system of equat ions,  
c o n s i s t i n g  of (2 .3 ) ,  ( 2 . 3 ) ,  ( 2 . 6 ) ,  and t h e  r e s t r a i n t  Equation (2 .11 )  
i s  of t h e  fou r th  order .  
D. THE RESTFPAINT EQUATION FOR THE CONTACT REGION 
When t h e  r i g i d  su r face  i s  moved through t h e  d i s t a n c e  wo, a p o i n t  
A on t h e  surface o f  t h e  i n i t i a l l y  undeformed s h e l l  w i l l  move t o  a p o i n t  
A '  on t h e  r i g i d  su r face .  The accompanying displacements u,  w,  and B 
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are shown i n  t h e  exaggerated drawing, Figure 2. 
t i o n  of A ,  as r e l a t e d  t o  t h e  motion wo of t h e  p l ane ,  my be w r i t t e n  
From geometry t h e  mG- 
R 
f l  
T WO 
Figure 2. 
on t h e  con tac t  plane.  
Motion of a p o i n t  on t h e  sur face  of t h e  s h e l l  t o  a po in t  
where h i s  t h e  th i ckness  of t h e  s h e l l  and w i s  a negat ive displacement.  
If w o r  u had been assumed i n  t h e  opposi te  d i r e c t i o n  for some o t h e r  A ' ,  
t h e y  would have yielded t h e  same geometr ica l  r e l a t i o n s h i p .  
t i o n  may be made dimensionless by d iv id ing  through by R g iv ing  
T h i s  equa- 
10 
where 
(2.11) 
Equation (2.10) w i l l  be l i n e a r i z e d  f o r  t h e  p re sen t  work under t h e  
assumptions of s m a l l  deformation l i n e a r  s h e l l  t heo ry  and t h e  s m a l l  con- 
t a c t  length defined by E. Terms w i l l  be ordered as fol lows:  cos  a and 
cos B are Order 1; GO, h/2R, E, s i n  a, s i n  B ,  a, and B are Order 2; 
products  of f irst  o rde r  terms are Order 3; e t c .  An expansion of (2.10) 
n ives  
h f -  G, W o C  E,- 1 tCaaoc--  
- 
a-R 2~ 
(2 .12 )  
When t h e  s e r i e s  expansions o f  t h e  s i n e  and cos ine  func t ions  are used 
where appropr i a t e  and i f  terms of  t h i r d  o r d e r  or h ighe r  a r e  neglected,  
t h e  r e s t r a i n t  equat ion may be s impl i f i ed  t o  
It i s  f e l t  t h a t  t h i s  expression i s  c o n s i s t e n t  with Naghdi's shear  de-  
formation theory i n  t h a t  h/2R and terms of  similar o r d e r  are Rot neglected 
with r e spec t  t o  1. 
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E. CONDITIONS AT THE BOUNDARIES 
The edge a = cx, i s  assumed t o  be f i x e d  f o r c i n g  t h e  requirement t h a t  
(2.14) 
which impl i e s  t h a t  
As t h e  system of equat ions f o r  t h e  free region i s  of  t h e  s i x t h  o rde r ,  
on ly  t h r e e  of t h e  unknown c o e f f i c i e n t s  i n  t h e  g e n e r a l  s o l u t i o n  remain 
after a p p l i c a t i o n  of t h e s e  condi t ions.  
As a r e s u l t  of symmetry and t h e  imposed motion wo, t h e  condi t ions 
which must be s a t i s f i e d  i n  t h e  con tac t  region a t  C% = 0 are 
G ( 0 )  2 -  4 3 p (0) = 0 (2.16) 
If t h e  f irst  of  t h e s e  r e l a t i o n s  i s  s u b s t i t u t e d  i n t o  t h e  l i n e a r  r e s t r a i n t  
Equation (2.13), it i s  apparent t h a t  
a. (0) = 0 
fo l lows  as a resul t .  
t h a t  t h e  change i n  s lop  of F m u s t  vanish,  hence 
When (2.16) and (2.17) are s a t i s f i e d ,  it fol lows 
(2.18) 
If a l l  t h e s e  cond i t ions  are applied t o  t h e  last of ( 2 . 6 ) ,  t h e  quan t i ty  
V m m t  vanish i n d i c a t i n g  t h a t  
I 
12 
(2 .19)  
Thus it i s  seen t h a t  only two of t h e  f ive boundary cond i t ions  a t  a = 0 
are independent. For t h e  two problems which a r e  solved i n  t h e  follow- 
i n g  chap te r s  two c o e f f i c i e n t s  remain i n  t h e  g e n e r a l  s o l u t i o n  f o r  t h e  
con tac t  region a f t e r  t h e s e  boundary cond i t ions  are app l i ed  t o  t h e  fou r th  
o r d e r  system. 
A t  t h e  boundary a = a s i x  s t r e s s  r e s u l t a n t  and displacement quan- 
t i t i e s  may be matched i n  o r d e r  t o  solve f o r  t h e  s i x  unknown c o e f f i c i e n t s  
c o n s i s t i n g  of t h r e e  from t h e  f r e e  region, two f r o m  t h e  con tac t  region,  
and e i t h e r  E or 70. 
e s t a b l i s h e s  the c o n t i n u i t y  of  t h e  displacements and t h e i r  f i r s t  de r iva -  
t ives .  
- -  
The matching of  u, w ,  B ,  N a ,  k,  and V, e f f e c t i v e l y  
It follows t h a t  t h e  q u a n t i t i e s  NQ and MQ w i l l  a l s o  be continuous 
+ a t  a = A d i s c o n t i n u i t y  occurs  i n  t h e  normal p re s su re  q as it i n -  
volves a higher o r d e r  d e r i v a t i v e  of  displacement n 
F. COMMENTS ON THE EXTENSION OF THE CURRENT TECHNIQUE TO GENEWL 
AXISYMMETRIC PROBLJNS 
Conceptually it would not  be d i f f i c u l t  t o  extend t h e  c u r r e n t  work 
t o  t h e  con tac t  of  an axisymmetric s h e l l  with a curved axisymmetric s u r -  
f a c e .  The equi l ibr ium Equations ( 2 . 3 )  and t h e  stress r e s u l t a n t - d i s -  
placement Equations ( 2 . 5 )  and (2,6) remain unchanged. A more g e n e r a l  
r e s t r a i n t  equation would be necessary.  The o r d e r  of t h e  system remains 
t h e  same. The only p o s s i b l e  change might occur i n  t h e  number of quan- 
t i t i e s  which could be matched a t  a = 5. It would be necessary t o  examine 
- I  
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a g e n e m l  r e s t r a i n t  equat ion  t o  determine whether two o r  less unknown 
c o e f f i c i e n t s  would remain i n  the  gene ra l  s o l u t i o n  f o r  t h e  con tac t  re- 
g ion  after a p p l i c a t i o n  of the  boundary and symmetry condi t ions  a t  cx = 0. 
CHAPTER I11 
SOLUTION OF THE HALF-RING PROBUM 
A .  THE SYSTEN EQUATIONS 
The ring-beam problem which w i l l  be considered i n  d e t a i l  involves  
t h e  con tac t  of a h a l f - r i n g  with a r i g i d  f l a t  su r face .  A h a l f - r i n g  i s  
def ined as a segment of  a r i n g  having i t s  f i x e d  edge a t  a, = 5[/2.  
problem w i l l  be t r e a t e d  as a plane problem. 
stresses i n  a d i r e c t i o n  normal t o  t h e  a-( p lane  w i l l  not be considered. 
I n  c y l i n d r i c a l  coord ina te s  t h e  squared l i n e a r  element i s  
This  
Thus deformations and 
(3 .1 )  
where z i s  t h e  d i r e c t i o n  normal t o  t h e  a-( plane.  This  corresponds t o  
choosing 
f = l  R,=R .) R e  = go (3 .2)  
i n  su r face  of revolut ion coordinates .  The equ i l ib r ium Equations ( 2 0 3 )  
become 
N + V  = 0 
i - N + R q +  = 0 ( 3 . 3 )  
k - R V  = 0 
where I' ' i n d i c a t e s  d i f f e r e n t i a t i o n  with r e spec t  t o  a. It should be 
noted t h a t  t h e  subsc r ip t  a has been dropped from t h e  stress r e s u l t a n t s o  
Using similar conventions t h e  s t r a i n s  a r e  
14 
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I 
KOt =rB I K t  = o  
S u b s t i t u t i o n  of t h e s e  i n t o  t h e  Equations (2.6) r e s u l t s  i n  
(3.4) 
( 3 . 5 )  
The r e s t r a i n t  Equation (2.13) remains unchanged as does t h e  Equation 
(2.8) f o r  t h e  r o t a t i o n  which r e s u l t s  when shear-deformation i s  neg- 
l ec t ed .  
B. SOLUTION I N  THE FREE REGION 
1. Solu t ion  Inc luding  Transverse Shear Deformation 
Because q+ = 0 i n  t h e  f r e e  reg ion  t h e  equi l ibr ium equat ions are 
easily solved. 
i ng  
The second of  ( 3 . 3 )  i s  s u b s t i t u t e d  i n t o  t h e  first y i e l d -  
*. 
N + N  = 0 
t h e  so lu t ion  of which i s  
N = B 1  cosa  + B2 s ina .  
The shear  r e s u l t a n t  may be w r i t t e n  
(3 .7)  
16 
V = B1 s i n a  - B2 cosa. 
The first i n t e g r a l  of t h e  moment equat ion i s  
(3 .9)  M = - Bl C O S ~  - B 2  s i n a  + B3. 
If t h e  f i r s t  two equat ions o f  (3.5) are solved f o r  
r e s u l t s  
+ w and p, t h e r e  
k j - w  = k- 
(3.10) 
- M  I N t  R 
K ( l -  5) D ( I -  "1> I I -  8' 
The second of these equat ions may be i n t e g r a t e d  g iv ing  
A d i f f e r e n t i a l  equat ion i n  u r e s u l t s  i f  t h e  f i r s t  of (3.10) i s  d i f -  
f e r e n t i a t e d  and s u b s t i t u t e d  i n t o  t h e  t h i r d  of (3.3). 
Using v a r i a t i o n  of parameters t h e  g e n e r a l  s o l u t i o n  of t h i s  equat ion i s  
found t o  be 
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The normal d e f l e c t i o n  w may now be found d i r e c t l y  from t h e  f irst  of 
If t h e  boundary condi t ions (2.13) a t  t h e  f i x e d  edge 
t o  t h e  displacements u, w,  and f3, t h e  cons t an t s  B4, 3, and B6 can be 
w r i t t e n  i n  t e r m s  of B1, B2, and B3. 
= n/2  are appl ied 
The s o l u t i o n s  may then  be w r i t t e n  
A s  expected t h e r e  are t h r e e  unknown c o e f f i c i e n t s  i n  t h e s e  s o l u t i o n s .  
18 
2-  So lu t ion  for C l a s s i c a l  Bending Theory 
For t h e  bending problem t h e  shear  r e s u l t a n t  V is. determined from 
equi l ibr ium alone.  
f o r  t h e  l a s t  of ( 3 . 5 ) .  
same manner, the Equations (3.6) through (3.11) being t h e  same. 
( 2 . 8 )  i s  d i f f e r e n t i a t e d  once and i f  t h e  Equations (3.10) are sub- 
s t i t u t e d  i n t o  t h i s  r e s u l t ,  a d i f f e r e n t i a l  equat ion for w i s  given by 
Hence t h e  r o t a t i o n  Equation (2 .8)  i s  s u b s t i t u t e d  
The s o l u t i o n  of  t h e  system i s  begun i n  t h e  
If 
' iaRa 
Using v a r i a t i o n  of  parameters t h e  gene ra l  s o l u t i o n  o f  t h i s  equat ion i s  
found t o  be 
The t a n g e n t i a l  displacement u may now be found d i r e c t l y  from ( 2 . 8 ) .  
(3.19) 
The boundary condi t ions a t  a, = ~ r / 2  may now be app l i ed  t o  t h e  d i s p l a c e -  
ments u ,  w ,  and B r e s u l t i n g ,  as before ,  i n  r e l a t i o n s  between B1, B2, 
B3 and B4, B?, B6. S u b s t i t u t i o n  of t h e s e  q u a n t i t i e s  i n t o  t h e  expressions 
for t h e  general  s o l u t i o n s  r e s u l t s  i n  
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1. Solut ion Including Transverse Shear Deformation 
The system of equa t ions  t o  be solved c o n s i s t s  of  t h e  equ i l ib r ium 
Equations (3.3), t h e  stress resultant-displacement Equations (3.5) 
and t h e  r e s t r a i n t  Equation (2.13).  I f  t h e  f i r s t  and t h i r d  o f  t h e  
equi l ibr ium Equations (3.3) a r e  w r i t t e n  i n  terms of displacement and 
i f  t h e  r e s t r a i n t  equa t ion  i s  w r i t t e n  
w = u t a n a  - g 
2 G = i t a n a  + u sec a - 
where 
g = (wo - R )  seca + R, 
t h e  fol lowing two equat ions i n  f3 and u r e s u l t :  
(3 22) 
I 
20 
Although t h e s e  equat ions appear t o  be formidably 
.. 
(3 .23)  
coupled, they  are 
e a s i l y  separated by s u b s t i t u t i n g  f3 from t h e  second i n t o  t h e  f irst  y i e l d -  
ing  t h e  r e s u l t  
(3 .24)  
.. 2 
u + u tana + u see a = g ,  
t h e  f i rs t  i n t e g r a l  of which i s  
i + u t a n a  = g + C  (3 .25)  
where C i s  an  a r b i t r a r y  c o e f f i c i e n t .  The gene ra l  s o l u t i o n  i s  
where h(a) i s  d e f i n e d  by 
and 
S u b s t i t u t i o n  of (3 .26)  i n t o  
f o r  B ,  
(3 .27)  
I t & o c  
I - A M  
i 
(3 .23)  g ives  t h e  d i f f e r e n t i a l  equat ion 
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where the  l a rge  c o e f f i c i e n t  x2 i s  d e f i n e d  as 
(3.29) 
Uefng v a r i a t i o n  of parameters the s o l u t i o n  of (3.28)  i s  found t o  be 
-xlo( + C, ( r ,  + I,) p C 3 e  +C,e  %4 
where 11 and I2 a r e  given by 
(3.30) 
(3.31) 
Two independent boundary condi t ions may now be appl ied  t o  t h e  so lu t ions  
f o r  u and B at  a = 0 and it w i l l  be seen t h a t  t h e  o t h e r  t h r e e  a r e  au to-  
m a t  i c a l l y  s a t i s f i e d  
c, = - c y  7 ca_= 0 
The s o l u t i o n s  for f3 and u become 
= ( w;, - R) + C, A(.() woc 
The remaining solulsions w, N, M, j r  and 9' may fiow be ca l cu la t ed  
d i r e c t l y  from t h e  Equations (3.3) and (3.33). 
(3.33) 
22 
It i s  easily shown t h a t  t h e  remaining boundary cond i t ions  
* I  
are automatical ly  s a t i s f i e d .  
2. Solut ion f o r  C l a s s i c a l  Bending Theory 
The Equation (3.24) a p p l i e s  e q u a l l y  w e l l  t o  both t h e  c l a s s i c a l  
t heo ry  and t h e  shear  deformation theory,  hence t h e  s o l u t i o n  u may be 
w r i t t e n  as 
If t h i s  r e s u l t  i s  s u b s t i t u t e d  i n t o  t h e  r e s t r a i n t  Equation (3.21), t h e  
s o l u t i o n  for w may be w r i t t e n  as 
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The major d i f f e rence  between the two t h e o r i e s  arises i n  t h e  formation 
of #3. 
assumes t h e  simple form 
This  quan t i ty  now i s  formed from t h e  r o t a t i o n  Equation (2 .8 )  and 
(3.37) 
R 
The q u a n t i t i e s  N and M may now be found d i r e c t l y  from t h e  s t r e s s  re- 
s u l t a n t  -displacement equat ions.  
(3.38) 
F i n a l l y  t h e  shea r  r e s u l t a n t  and t h e  normal sur face  pressure  i n  t h e  con- 
t a c t  region may be found f r o m t h e  equi l ibr ium equat ions.  
The boundary condi t ions  on t h e  quan t i ty  u gives  
Examination of t h e  s o l u t i o n s  B, w, and V show t h a t  t h e  condi t ions  
are a l l  au tomat ica l ly  s a t i s f i e d .  Only one unknown c o e f f i c i e n t  remains 
i n  t h i s  so lu t fon .  This f a c t  a r i s e s  bezause t h e  r e s t r a i n t  on t h e  ro t a -  
t i o n  f3 serdes t o  lower t h e  order  of t h e  system of equat ions .  
24 
D. BOUNDARY MATCHING OF THE TWC SOLUTIONS AND NUMERICAL RESULTS 
Both c l a s s i c a l  and shea r  deformation t h e o r i e s  have been used t o  
f i n d  g e n e r a l  so lu t ions  i n  t h e  f r e e  and con tac t  r eg ions .  The on ly  re- 
maining s t e p  i s  t h e  matching of  t h e  s t r e s s  r e s u l t a n t  and deformation 
q u a n t i t i e s  a t  the common boundary, a: = a, between t h e  two r eg ions .  
The shea r  deformation s o l u t i o n s  (3.16) con ta in  t h e  unknown coef-  
f i c i e n t s  B1, B2, and B3 while t h e  s o l u t i o n s  (3*33) and (3.34) con ta in  
Cl and C?.  Nei ther  wo or a have been s p e c i f i e d  t o  t h i s  p o i n t .  One 
or t h e  o t h e r  may be  a r b i t r a r i l y  chosen as t h e  e x t e r n a l l y  app l i ed  boundary 
condi t ion.  Thus t h e  s i x  equat ions of c o n t i n u i t y  which may be w r i t t e n  
a t  t h e  boundary a = a are 
(3.41) 
where t h e  subsc r ip t s  "ct l  and "f" i n d i c a t e  t h e  con tac t  and f ree  r eg ions .  
I n  d e t a i l  t h e s e  equat ions are 
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Because of t h e  complexity of t h i s  system it w a s  decided t o  f ind  t h e  
s o l u t i o n s  for t h e  unknown c o e f f i c i e n t s  numerically on a d i g i t a l  com- 
p u t e r  r a t h e r  t han  t o  develop s p e c i f i c  expressions.  
easily accomplished by specifying t h e  length of t h e  contac t  region E 
and then  solving t h e  r e s u l t i n g  s i x  by s i x  system of l i n e a r  a lgeb ra i c  
equat ions f o r  Bl, B2, B3, C1, C 5 ,  and wo. 
used t o  compute a l l  s t r e s s  and deformation q u a n t i t i e s  and t h e  s o l u t i o n  
procedure is  complete for t h e  shear  t heo ly .  
This i s  most 
These r e s u l t s  are then  
Tie  c l a s s i c a l  so lu t ions  (3.20) conta in  unknown c o e f f i c i e n t s  BL, 
A s  B2, and B3 while t h e  so lu t ions  (3.35) through (3.39) conta in  C i a  
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‘before, t h e  f i n a l  unknown i s  given by or w0.  The f i v e  c o n t i n u i t y  
equat ions which may be w r i t t e n  a t  t h e  boundary a = a f o r  t h i s  case 
which may be w r i t t e n  i n  d e t a i l  as 
It should be noted t h a t  t h e  shea r  s t r e s s  r e s u l t a n t  i s  not forced t o  be 
continuous as it was f o r  t h e  h ighe r  o r d e r  shea r  deformation theo ry .  
Compatibi l i ty  o f  displacements i s  assured by t h e  Equations (3.44) while 
I 
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t h e  q u a n t i t i e s  V and q+ are given e n t i r e l y  by equi l ibr ium. 
numerical  procedures may be used t o  determine t h e  unknown c o e f f i c i e n t s  
The same 
and f i n a l l y  t o  complete t h e  so lu t ion .  
A numerical s tudy  o f  t h e  so lu t ions  i s  presented i n  Figures  3-8 
and Tables 1-10. Appropriate nondimensional forms f o r  t h e  d i sp lace -  
ments are set f o r t h  i n  Equations {z.ii). 
i n d i c a t e  t h a t  convenient nondimensional stress r e s u l t a n t s  are 
Tie form of Equaiioris (3*5) 
L 
These q u a n t i t i e s  nay also be related t o  t h e  stresses us ing  t h e  stress- 
stress r e s u l t a n t  equat ions of Naghdi 9 
where uw i s  t h e  normal membrane stress, 
t o  bending a t  t h e  o u t e r  surface of t h e  s h e l l ,  and T i s  t h e  t r a n s v e r s e  
i s  t h e  maximum stress due 
s h e a r  stress. 
The f i g u r e s  show a d i r e c t  comparison of t h e  c l a s s i c a l  and shea r  
deformation t h e o r i e s  f o r  a t y p i c a l  s o f t  t h i c k  ring. The variables 
used i n  cons t ruc t ing  t h e  f i g u r e s  were chosen t o  b r i n g  out t h e  maximum 
d i f f e r e n c e s  between t h e  t w o  t heo r i e s .  The basic shape of  t h e s e  curves 
remains unchanged with v a r i a t i o n  of R/h, E, and t h e  modulus parameters.  
However t h e  magnitudes o f  t h e  d i f f e r e n t  variables change as do t h e  
magnitudes o f  t h e  d i f f e r e n c e s  between c l a s s i c a l  and shea r  deformatfon 
28 
t h e o r i e s .  
Tables 1 and 2 t h e  e f f e c t  of v a r i a t i o n  of a or Go i s  shown. 
t i o n s  i n  t h e  s o l u t i o n s  for r a d i u s  t o  t h i c k n e s s  r a t i o s  of 10 and 50 
a r e  shown i n  Tables 3 and 4. All o t h e r  q u a n t i t i e s  are held cons t an t .  
F i n a l l y  t h e  material p r o p e r t i e s  are considered i n  Tables 4 and 5 with 
t h i n  rubber and s t e e l  r i n g s  being considered. 
as 1-7 except t h a t  t h e  c l a s s i c a l  s o l u t i o n s  are used f o r  computing t h e  
numbers. 
The t a b l e s  con ta in  a parametr ic  s tudy of  t h e  s o l u t i o n s .  I n  
The varia- 
Tables 6-10 are t h e  same 
The most i n t e r e s t i n g  a spec t  of Figure 3 i s  t h e  comparison of t h e  
r o t a t i o n  f3 f o r  t h e  shea r  deformation and c l a s s i c a l  t h e o r i e s .  I n  t h e  
con tac t  region a < .2 t h e  Kirchhoff hypothesis  f o r c e s  normals t o  t h e  
midsurface of t h e  r i n g  t o  become normal t o  t h e  r i g i d  con tac t ing  sur- 
f ace .  Shear theory relaxes t h i s  r e s t r i c t i o n  and a s i g n i f i c a n t  d i f -  
f e r ence  (25%)  between t h e  two t h e o r i e s  i s  encountered f o r  t h e  t h i c k  
r i n g ,  
s t i l l  p re sen t  f o r  R/h = 10, but  t h a t  t h e  two t h e o r i e s  g ive  n e a r l y  
i d e n t i c a l  r e s u l t s  f o r  R/h = 50. 
- 
A s tudy of t h e  t a b l e s  shows t h a t  a notable  d i f f e r e n c e  (13$) i s  
The form of t h e  dimensionless stress r e s u l t a n t s  shown i n  Figure 4 
The d i s c o n t i n u i t y  i s  similar f o r  t h e  two t h e o r i e s  with one except ion.  
i n  v, which must be suppl ied as a n  e x t e r n a l l y  app l i ed  load f o r  t h e  
c l a s s i c a l  theory,  and i t s  e f f e c t  on t h e  p r e s s u r e  d i s t r i b u t i o n  i n  t h e  
con tac t  region ( s e e  Figure 5 )  should be noted. A s  t h e  r i n g s  are made 
t h i n n e r  t h e  d i s t r i b u t i o n  of q' f o r  shea r  t h e o r y  t e n d s  t o  approach t h e  
d i s t r i b u t i o n  of t h e  c lass ica l  theo ry  i n  t h a t  sharp peaks are developed 
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Figure 5. Normal compressive stress q f o r  ring. Q = 0.2, 
R = 5 in., R/h = 5 ,  E = 222 l b / i n . ,  v = 0.5.  2 
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near  t h e  edge of t h e  con tac t  region.  However a t  t h e  very edge of t h e  
contact  region t h e  p re s su re  drops sha rp ly  as would be expected and de- 
s i r e d !  
t h i n  r i n g s  and i s  demonstrated i n  Tables 4 and 5 .  
This behavior has been observed only i n  c a l c u l a t i o n s  f o r  t h e  
Figure 6 i s  a p l o t  of t h e  e x t e r n a l l y  app l i ed  load versus  t h e  
c e n t r a l  d e f l e c t i o n  Go. Due t o  t h e  r e s t r a i n i n g  e f f e c t  of  t h e  Kirchhoff 
hypothesis ,  t h e  s lope of t h e  curve f o r  t h e  c l a s s i c a l  t heo ry  i s  s t e e p e r .  
A s  t h e  r i n g s  a r e  made t h i n  t h e  two curves become co inc iden t .  
Figure 7 p o i n t s  out  ano the r  well-known d i f f e r e n c e  between 
c l a s s i c a l  and shea r  deformation t h e o r i e s .  It i s  seen t h a t  a f i n i t e  
p o i n t  load must be app l i ed  t o  t h e  c l a s s i c a l  r i n g  before  any con tac t  
region i s  developed. It i s  t h i s  po in t  load which i s  propagated along 
t h e  coordinate a t o  form t h e  shea r  d i s c o n t i n u i t y .  For t h e  t h i n  r i n g s  
t h i s  p a r t i c u l a r  d i f f e r e n c e  between t h e  two t h e o r i e s  i s  lessened but  
- 
has not been el iminated as can be seen by examining N i n  Tables 5 and 10. 
I n  comparing t h e  r e s u l t s  f o r  t h e  s t e e l  a n d  rubber r i n g s  it i s  seen 
t h a t  t h e  deformation p a t t e r n s  remain t h e  same as would be expected be- 
cause of t h e  boundary cond i t ion  on a. The shapes of t h e  stress r e s u l -  
t a n t  curves remain t h e  same but are much magnified f o r  t h e  s t e e l  r i n g .  
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CHAPTER I V  
S0L;TION OF TEB CONTACT €’ROBLE34 FOR A SPHERICAL C A P  
A. THE SYSTEN EQUATIONS 
The sphere problem which w i l l  be considered i n  d e t a i l  i n  t h i s  
chap te r  involves  t h e  con tac t  of a s p h e r i c a l  cap with a r i g i d  f l a t  sur- 
face. The maximum p o s s i b l e  size of t h e  cap as given by t h e  l o c a t i o n  
of i t s  f i x e d  edge Cr, i s  determined by t h e  r e l a t i o n  
where R i s  t h e  r ad ius ,  h i s  the th i ckness ,  and Y i s  Po i s son’ s  r a t i o .  
Th i s  r u l e  for l i m i t i n g  t h e  ex ten t  of t h e  cap i s  based on t h e  approxi- 
mate nature  of t h e  shallow sphere s o l u t i o n  i n  t h e  free region. 
I n  s p h e r i c a l  coord ina te s  t h e  squared l i n e a r  element given by 
(2 .1 )  becomes 
where 
The equ i l ib r ium Equations (2.3) are w r i t t e n  - 
N w  -I- ( “ - N * ) & 4  t V = o  
+ N e ) h w  + R o 
35 
(4 .4)  
The r e l a t i o n s  between t h e  stress r e s u l t a n t s  and t h e  displacements 
become 
(4.5) 
if shear  deformation i s  included i n  t h e  a n a l y s i s .  
t i o n  given by (2.13) remains unchanged. 
The res t ra int  equa- 
B. SOLUTION I N  THE FFGX REGION 
A two-term asymptotic s o l u t i o n  of t h e  equat ions governing t h e  de- 
12 
formation of  a s p h e r i c a l  s h e l l  has  been given by Desilva and Cohen. 
The i r  work i s  based on t h e  l i nea r  t r ansve r se - shea r  deformation theo ry  
of Naghdi. 
10 
The governing equat ion i s  
where 
' I  
I 
I 
I 
I 
I 
1 
I 
I 
I 
I 
1 
1 
1 
I 
1 
I 
I 
37 
and where JI i s  r e l a t e d  t o  a ho r i zon ta l  radial  stress r e s u l t a n t  PH 
which i s  d i r e c t e d  outward and is def ined by 
The q u a n t i t y  Br r e p r e s e n t s  t h e  r o t a t i o n  of normals t o  t h e  midsurface 
of t h e  s h e l l .  A s  t h e  s i g n  convention f o r  many of t h e  q u a n t i t i e s  i n  t h e  
paper  by Desilva and Cohen i s  t h e  reverse of t h e  s i g n  convention 
adopted i n  t h e  greater p o r t i o n  of t h i s  t h e s i s ,  a s u b s c r i p t  “r” w i l l  be 
added t o  t h e  reversed q u a n t i t i e s  t o  i n d i c a t e  t h i s  fact. 
12 
The two-tern asymptotic so lu t ions  of Equation (4.7) are given as 
(4 .10)  
where 
(4 .11)  
The l i m i t  o f  these s o l u t i o n s  i n  a neighborhood of  t h e  o r i g i n  a = 0 i s  
(4 .12)  
These equations from De S i l v a  and Cohen w i l l  be regarded as  t h e  solu-  
t i o n s  f o r  t h e  f r e e  r eg ion  of  t h e  s p h e r i c a l  cap i n  t h e  work t h a t  fol lows,  
Equation (4 .1)  i s  based on a comparison of (4.12) wi th  (4.10) f o r  
nonzero values  of  7. The l a r g e s t  d i f f e r e n c e  between t h e s e  two sets  of 
s o l u t i o n s  occurs when cu, and R/h s a t i s f y  
Th i s  may be seen by eva lua t ing  Y2 a t  a,, s u b t r a c t i n g  Y2 of Equation 
(4.10) from Y2 of  Equation (4.12) ,  and f a c t o r i n g  out t h e  common 
q u a n t i t y  7 Bl ( y ) .  The imaginary p a r t  of  t h e  c o e f f i c i e n t  of 1/2 (1) 
1/2 (l)(;1) is about 20$ of t h e  q u a n t i t y  (l+[y])/& 2 62- The rea l  
7 H1 
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p a r t  i s  less than  1% of one. 
f o r  Y1, both t h e  r e a l  and imaginary par ts  of t h e  c o e f f i c i e n t  of 
V’’~LJ~(?) are less than  l$ of t h e  i n t e g e r  1 and t h e  q u a n t i t y  
(l+[yI)/+ t j 2  r e spec t ive ly .  It should be noted t h a t  t h e  q u a n t i t y  
(1+[71)/2p%2 is  t h e  co r rec t ion  of t h e  c l a s s i c a l  s h e l l  t heo ry  of 
k. Heissner  due t o  t h e  e f f e c t  of t r a n s v e r s e  shea r  deformation. 
This  term does not  seem t o  dominate t h e  s o l u t i o n  q u a n t i t i e s  which w i l l  
be developed i n  t h e  fo i lowing  pages and  hence t h e  e r r o r  w i l l  not be 
regarded as s i g n i f i c a n t .  
sented later, t h e  r a t i o  of r ad ius  t o  th i ckness  and t h e  l o c a t i o n  ae 
of t h e  edge of t h e  s h e l l  a r e  chosen so  t h a t  t h e  e r r o r  i n  t h i s  small 
q u a n t i t y  does not  exceed 2@. 
If t h i s  procedure i s  c a r r i e d  out  
2 
13 . 
I n  t h e  numerical  r e s u l t s  which w i l l  be pre-  
I n  many cases it i s  much l e s s .  
The s o l u t i o n  Y may be w r i t t e n  
If t h e  Equations (4.12) are subs t i t u t ed  i n t o  t h i s  r e l a t i o n  and i f  real  
and imaginary p a r t s  a r e  equated it i s  p o s s i b l e  t o  w r i t e  t h e  q u a n t i t i e s  
Br and $ i n  terms of Kelvin func t ions  as 
40 
where 
and where A3, A4, A?, and A6 are a r b i t r a r y  cons t an t s .  
of JI and pr are given by 
The d e r i v a t i v e s  
t 
I -  
I 
1 
H 
1 
I 
I 
R 
1 
I 
1 
I 
I 
I 
i 
I 
I 
I 
(4.16) 
where a "prime" i n d i c a t e s  d i f f e r e n t i a t i o n  of a Kelvin func t ion  w i t h  
r e spec t  t o  a. 
series f o r  Y1 and Y2 by app l i ca t ion  of t h e  work of Ianger .  
It i s  p o s s i b l e  t o  prove convergence of  t h e  asymptotic 
. I  
L4 Convergence 
proofs have not been c a r r i e d  out f o r  t h e  d e r i v a t i v e s  of Y1 and Y2 but 
nay be p o s s i b l e  on t h e  basis of t h e  same work. 
The s t r e s s  r e s u l t a n t s  and displacements may now be w r i t t e n  i n  
terms of B r ,  B, $, and $. The h o r i z o n t a l  stress r e s u l t a n t  as defined 
p rev ious ly  i s  given by, 
(4.17) 
The v e r t i c a l  stress r e s u l t a n t  may be found from t h e  equi l ibr ium equa- 
t i o n s  and i s  given by 
(4.18) 
where A 1  is  ar, a r b i t r a r y  constant of i n t e g r a t i o n .  The usual stress 
r e s u l t a n t s  Na and Vr may be wr i t t en  if t h e  components of  PH and Pv 
are computed i n  t h e  Q and 8 d i rec t ions .  Ng may be found f r o m  e q u i l i b -  
rium. 
Na = PH cosa + Pv s i n a  
T;r, = - PH s i n a  + Pv  COS^ 
~g = PH cosa  + iiH sincr;. 
(4.191 
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I n  terms of J, and \i t h e s e  q u a n t i t i e s  may be w r i t t e n  
(4 .20)  
The stress couples which may be found from t h e  r e l a t i o n s h i p s  between 
t h e  r o t a t i o n  pr, Mar, and Mgr may be w r i t t e n  
( 4 . 2 1 )  
I n  terms of u and t h e  reversed normal displacement wr t h e  Equa- 
t i o n s  (2.5)  r e l a t i n g  e x t e n s i o n a l  s t r a i n s  t o  displacements become 
I =R (c;c - w,) 
(4 .22)  
0 0 
a The q u a n t i t y  W y  may be  el iminated by s u b t r a c t i n g  E@ from E g iv ing  
Using t h e  Equations 
and t h e  s t r a i n s  may 
(4.23)  
(2 .6)  a r e l a t i o n  between known stress r e s u l t a n t s  
be w r i t t e n  
(4.24)  
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The r e s u l t i n g  nonhomogeneous f i r s t  o rde r  d i f f e r e n t i a l  equat ion i n  u 
may be solved g iv ing  
where A2 i s  t h e  new a r b i t r a r y  constant  of i n t e g r a t i o n .  
known left  i n  (4.22) i s  W r .  
The only  un- 
Th i s  quan t i ty  may f i n a l l y  be w r i t t e n  as 
w;. =%-) h r  - 1 ~  ' - YeLwD: t A , r ( i + v ) w H  x 
-. 
(4.26) 
Thus t h e  gene ra l  so lu t ion  of the s i x t h  o rde r  system of equat ions i n  
t h e  free region has  been wr i t t en  i n  terns of  t h e  known func t ions  J I ,  
and s i x  unknown c o e f f i c i e n t s  which w i l l  be determined later. 
C.  SOLUTION I N  THE CONTACT mGION 
Based on (4.4), (4.5), and (4.6) t h e  dimensionless form of t h e  
system of equat ions which w i l l  be used t o  so lve  t h e  s p h e r i c a l  cap 
problem i n  t h e  contac t  reg ion  is  
5 
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( 4 . 2 7 4  
where 
The dimensionless stress r e s u l t a n t s  and displacements are def ined i n  
t h e  same manner as i n  t h e  previous chap te r  on t h e  h a l f - r i n g  problem. 
The normal s t r e s s  q t  i s  found from t h e  second of t h e  equ i l ib r ium 
Equat i ons  ( 4 .4 )  e 
A f o u r t h  o rde r  d i f f e r e n t i a l  equat ion i n  w w i l l  now be der ived 
and solved. Subs t i t u t ion  of (4.27e),  (4 .27f)  and (4.27g) i n t o  (4.27b) 
y i e l d s  t h e  r e s u l t  
I 
I 
I 
I 
I 
I 
1 
I 
I 
I 
I 
1 
1 
I 
1 
where 
c3 = C&+ u 
(4.29) 
1 
1 
1 
I 
~~ 
1 
The r e su l t  of s u b s t i t u t i n g  (4.27c), (4.27d), and (4.27g) i n t o  (4.27a) 
and using (4.2711) t o  e l i m i n a t e  u i s  given by 
The Equat ion (4.31) may now be solved for B and t h i s  result ,  along 
w i t h  the  res t ra in t  Equat ion  (4.27h) can be s u b s t i t u t e d  i n t o  (4.29) 
yielding 
where 
c, = c, c, --- c, c, 
c, = - 1 C , t i - a ~ + v C , + u c , t v "  
Because (4.32) governs o n l y  the small contact region of the 
(4.33) 
spherical cap, approximations such as 
I &"+ 3ctnoc+;thr/Lq/\/Gt ; r p e c O ( c q  (4.34) 
oc 
will be introduced.  The quant i ty  C6 may be w r i t t e n  
C b =  (I-v)C,.-(Ji-7J)CI + k V -  U A  (4.35) 
46 
The r a t i o  
approximat ions 
(R/h)* i s  considered t o  be a l a r g e  number. Hence, t h e  
(4.34) 
w i l l  a l s o  be introduced. The Equation (4.32) may now be approximated 
by 
(4.37) 
wi th  t h e  use of (4.34),  (4.36) and i n t r o d u c t i o n  of  t h e  d e f i n i t i o n s  
It should be noted t h a t  only one term has been kep t  i n  t h e  series ex- 
... 
pansion of  t h e  c o e f f i c i e n t  o f  w whereas two terms have been kep t  i n  
.. I 
t h e  c o e f f i c i e n t s  of 7 and F. This  i s  done i n  o r d e r  t h a t  t h e  q u a n t i t y  
Kb  a may assume values  of t h e  same o r d e r  of magnitude as t h r e e .  4 2  
The homogeneous s o l u t i o n  of  (4.37) may be found by power series 
techniques.  For  computational reasons it has been found convenient t o  
rewrite t h e  homogeneous p a r t  of (4.37) i n  t h e  form 
(4.39) 
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where 
and “prime” r ep resen t s  d i f f e r e n t i a t i o n  with r e spec t  t o  z. 
of  t h e  s e r i e s  
i,+C - 
U T =  ,” b z 
y! L-- 
U-G 
i n t o  (4.39) g ives  t h e  i n d i c i a 1  equat ion 
c(c3 - 8c2 + 2m - 16) = 
which has  t h e  f o u r  r o o t s  
c = 4, 2, 2, 0. 
0 
(4.40) 
Sub st  it u t  ion 
(4.41) 
(4.42) 
(4.43) 
The nonlogarithmic s o l u t i o n  which may be found w-,en C = 4 -s  given by 
where 
(4.45) 
The o t h e r  s o l u t i o n s  of (4.39) may be found by repeated use of s u b s t i t u -  
t i o n s  of t h e  type  
(4.46) 
which serve t o  reduce t h e  order  o f  t h e  equat ion  by in t roduc t ion  of a 
new dependent v a r i a b l e .  The o the r  t h r e e  s o l u t i o n s  of t h e  homogeneous 
48 
equat ion may be s t a t e d  as 
(4.47) 
Expansion of t h e  r i g h t  hand s i d e  of (4.37) r e s u l t s  i n  t h e  expres- 
s i o n  
(4.48) 
2 
This series will be t runca ted  a f t e r  two terms s ince  wo ani, a /2 both 
are s m a l l  q u a n t i t i e s .  
f e r e n t i a l  equat ion 
A p a r t i c u l a r  s o l u t i o n  o f  t h e  r e s u l t i n g  d i f -  
(4.49) 
i s  given by 
F i n a l l y  t h e  gene ra l  s o l u t i o n  of (4.30) may be w r i t t e n  
(4.50) 
I 
- 1  
I 
I 
I 
1 
1 
1 
I 
I 
1 
I 
I 
1 
1 
1 
1 
1 
1 
(4.51) 
where B1, B2, B3, and B4 are unknown cons tan ts  of i n t e g r a t i o n .  
- 
The remaining displacements may be expressed i n  t e r n s  of w 
and i t s  d e r i v a t i v e s  as 
The stress r e s u l t a n t s  are given i n  terms of Ti, V, and 8 by Equations 
( 4 . 2 7 ~ )  through (4.27g) while  t h e  normal stress q+ may be given by t h e  
r e l a t i o n  
(4.53) 
Cer ta in  s y m e t r y  and boundary condi t ions  must be s a t i s f i e d  by 
t h e  displacements and stress r e s u l t a n t s  a t  t h e  o r i g i n  a = 0. 
d i t i o n s  
The con- 
are a l l  au tomat ica l ly  satisfied.  The condi t ion  
B(0) = 0 (4.55) 
i s  s a t i s f i e d  only  i f  B3 = 0 and B4 = 0 s ince  t h e  s u b s t i t u t i o n  of 773 
and 74  i n t o  (4.32) y i e l d s  a nonzero resu l t  a t  t h e  o r i g i n  due t o  t h e  
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e f f e c t  of t h e  terms Z2 log Z which appears i n  both of t h e s e  s o l u t i o n s .  
When t h e  condi t ion on I3 i s  s a t i s f i e d ,  t h e  cond i t ion  on t h e  shea r  re- 
s u l t a n t  i s  automatical ly  s a t i s f i e d .  The normal stress r e s u l t a n t s  
and t h e  stress couples may have nonzero values  a t  t h e  o r i g i n .  
The convergence p r o p e r t i e s  of t h e  series for and v2 and t h e i r  
f i rs t  t h r e e  d e r i v a t i v e s  may be examined by means of a comparison of 
successive terms i n  t h e  var ious expansions. I f  t h e  n- th  t e r m  i n  one 
of t h e s e  s e r i e s  i s  c a l l e d  an,  an examination of t h e  recurrence re la-  
t i o n s  which determine t h e  va r ious  terms shows t h a t  
(4.56) 
The values  of R/h and B which were chosen f o r  t h e  numerical p o r t i o n  of 
t h i s  a n a l y s i s  were such t h a t  K b  Z < .OO3. Rapid convergence of t h e  
s e r i e s  for Fl, w2 
2 2  
and t h e i r  d e r i v a t i v e s  was t h u s  a s su red .  
D. BOUNDARY MATCHING OF THE TWO SOLUTIONS AND NUMERICAL RESULTS 
A s  t h e  gene ra l  s o l u t i o n s  have now been found i n  both t h e  con tac t  
and f ree  regions,  t h e  only remaining s t e p s  are t h e  matching of t h e  
stress r e s u l t a n t  and deformation q u a n t i t i e s  a t  t h e  common boundary 
a = E 
edge a = +. The same procedure w i l l  be used f o r  t h e  s p h e r i c a l  cap as 
was used i n  the previous chap te r  on t h e  h a l f - r i n g .  
Consisting of Equations (4.14), (4.20), (4.21), (4.25), and (4.26) 
and the s a t i s f y i n g  of displacement cond i t ions  a t  t h e  f ixed  
t h e  s o l u t i o n s  i n  t h e  f r e e  region have t h e  s i x  unknown c o e f f i c i e n t s  A i ,  
51. 
I 
I -  
N 
1 
I 
I 
A2, A 3 ,  A4, A 5 ,  and A6.  I n  t h e  con tac t  region t h e  unknown c o e f f i c i e n t s  
are €31 and B2. As before,  n e i t h e r  wo nor  E have been spec i f i ed  up t o  
- 
t h i s  po in t .  Thus nine boundary cond i t ions  and e i t h e r  of  wo or a: ,?lust 
be s p e c i f i e d  f o r  t h e  s o l u t i o n  of t h e  unknown q u a n t i t i e s .  
At t h e  boundary a = + t h e  requirements t h a t  
w i l l  s a t i s f y  t h e  cond i t ion  f o r  a f i x e d  boufidary. Thus t h e  s i x  remain- 
- 
i n g  cond i t ions  which may be appl ied a t  t h e  common boundary a are 
where t h e  s u b s c r i p t  "f" i n d i c a t e s  q u a n t i t i e s  def ined i n  t h e  f r e e  region, 
t h e  s u b s c r i p t  "c" i n d i c a t e s  q u a n t i t i e s  def ined i n  t h e  con tac t  region, 
and t h e  s u b s c r i p t  "rrr i n d i c a t e s  t h e  reverse s i g n  convention. Because 
of  t h e  c o n t i n u i t y  requirements on Na and M, it fo l lows  t h a t  NE) and MQ 
w i l l  au tomat i ca l ly  be made continuous as a r e s u l t .  
Again, because o f  the complexity of  t h e  system of  equat ions,  
d i g i t a l  techniques were used t o  f i n d  t h e  unknown q u a n t i t i e s  wo, B1, B2, 
Ai, A2, A3, A4, A5, and A6 i q  t e r m s  of t h e  s p e c i f i e d  con tac t  length a. 
These r e s u l t s  were then  used t o  compute t h e  dimensionless r e s u l t s  shown 
i n  Figures  8-12 and Tables 11-17. The d e f i n i t i o n s  f o r  t h e  dimension- 
less q u a n t i t i e s  remain unchanged. 
- -  Figure 8 and 9 show t y p i c a l  curves f o r  t h e  displacements U, W ,  
The p r i n c i p a l  deformation i s  t h e  normal displacement W. and f3 .  The 
values  of f3 shown i n  Figure 9 are much smaller t h a n  would be p red ic t ed  
by a n  a n a l y s i s  using t h e  Kirchhoff hypothesis  i n d i c a t i n g  t h a t  shea r  
deformation i s  appa ren t ly  important.  I n  Table 11 t h e  q u a n t i t y  R/h i s  
chosen t o  be 10, while i n  Table 12 t h e  r a t i o  has  t h e  smaller value of 
5 .  I n  t h e  case of t h e  t h i n n e r  s h e l l  t h e  q u a n t i t y  f3 i s  l a r g e r  as would 
be expected. 
The normal stress r e s u l t a n t s  and t h e  stress couples are shown i n  
The q u a n t i t y  & i s  negat ive i n  most of  t h e  con tac t  region Figure 10. 
i n d i c a t i n g  the f l a t t e n i n g  o f  t h e  s h e l l .  The moment i s  p o s i t i v e  f o r  
most of t h e  free region i n d i c a t i n g  t h e  sharp curvature  near  t h e  edge 
- 
of t h e  contact  region. The normal s t r e s s  r e s u l t a n t  Na i s  negat ive and 
n e a r l y  constant  as would be expected f o r  a cap. 
Typ ica l  shear  r e su l t an t ,  and normal p re s su re  curves are shown 
i n  Figure 11. An i n t e r e s t i n g  a s p e c t  of  t h i s  curve i s  t h e  i n d i c a t i o n  
3 t h a t  q 
zero.  Th i s  f a c t  has  been demonstrated numerically for t h e  s p h e r i c a l  
approac,hes a nonzero l i m i t  as t h e  con tac t  length a approaches 
cap problem and a n a l y t i c a l l y  f o r  t h e  h a l f - r i n g  problem, Even though 
q 
would be expected f o r  t h e  shea r  deformation theory.  This might be 
viewed as t h e  r e s u l t  o f  a f i n i t e  nonzero p res su re  a c t i n g  ove r  a n  area 
-+ i s  nonzero for E = 0, t h e  1 i m i . t  value of app l i ed  load i s  zero as 
I 
1 
I 
I 
1 
1 
I 
1 
1 
I 
1 
I 
I 
1 
1 
with zero magfiitude. F i n a l l y  Figure 12 shows a p l o t  of th.e normal 
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a = 0.01, 0.03, 
l b / in . ,  Y = 0.5. 
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2 
I.  IO-^ 
0.7 5 
0.5 0 
0.25 
0 
-0.25 
- 0.50 
-0.75 
- 1.00 
- I  .25 
- I .50 
- I .75 
-2.00 
-2.25 
-2.50 
- 2.75 
-3.00 
54 
0.02 0.04 0.06 0.080.10 0.12 0.14 0.16 0.18 0.20 
ANGLE a! (RADIANS) 
Figure 9. 
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l b / in . ,  v = 0.5. 
Displacement ?i and r o t a t i o n  8 versus P o s i t i o n  f o r  - 
CY. = 0.03, a, = 0.2,  R/h = 10, R = 5 i n . ,  E = 222 
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Figure 10. Normal s t r e s s  r e s u l t a n t s  and stress c m p l e s  versus  p 2 s i t i 3 n  
for cap. 
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Figure 11. Shear r e s u l t a n t  and normal p re s su re  versus  
p o s i t i o n  f o r  cap. 
E = 222 l b / i n . ,  v = 0.5.  
- a = 0.01, 0.03, a, = 0.2,  R/h = 10, R = 5 in., 
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load, as given by t h e  shea r  r e s u l t a n t  v evaluated a t  a = E,  ver sus  t h e  
c e n t r a l  normal d e f l e c t i o n  To. 
The Tables 11 and 12 are computed f o r  two va lues  of  R/h w i t h  o t h e r  
parameters held cons t an t .  
are similar,  a s  forced by t h e  boundary cond i t ions ,  but  t h e  stress 
The deformations shown i n  t h e  two t a b l e s  
q u a n t i t i e s  a re  g r e a t e r  for t h e  t h i c k e r  r i n g  as would be expected. 
Tables 12 and 13 t h e  length of t h e  cap, as given by a,, i s  v a r i e d .  A s  
would be expected, t h e  deformations of t h e  longer cap are  l a r g e r  while 
t h e  stress q u a n t i t i e s  are smaller. 
length ?? i s  wr ied .  
smaller value of 5. 
I n  
I n  Tables 13 and 14 t h e  con tac t  
Smaller stress and d e f l e c t i o n s  are noted f o r  t h e  
I n  Tables 14 and 1.5 t h e  material p r o p e r t i e s  of  t h e  cap are va r i ed .  
Since t h e  magnitudes of t h e  dimensionless q u a n t i t i e s  are s i m i l a r  f o r  
t h e  two t a b l e s ,  t h e  deformations F and ?7 of  t h e  caps are s imilar  while 
t h e  s t r e s s e s  c a r r i e d  by t h e  s t i f f  cap are much g r e a t e r  as would be 
expected. 
stress couples M, and MQ are p o s i t i v e  i n  t h e  con tac t  region.  
would not be expected i n  view of  t h e  moment equ i l ib r ium equat ion from 
It should be noted i n  Table 1.5 t h a t  t h e  r o t a t i o n  and t h e  
Th i s  
(4 .4 )  
c a l  or numerical a n a l y s i s .  
which were st iff  and t h i c k  a t  t h e  same t i m e  and seemed t o  a f f e c t  t h e  
stress couples and r o t a t i o n  only i n  t h e  small region i n  t h e  v i c i n i t y  
of  t h e  contact area. 
This  may po in t  out  a shortcoming of some aspec t  of t h e  t h e o r e t i -  
This  behavior w a s  noted only for caps 
59 
When t h e  numerical r e s u l t s  were s u b s t i t u t e d  i n t o  t h e  o r i g i n a l  
equi l ibr ium Equations (4.4), it w a s  found t h a t  t h e  first two equat ions 
were w e l l  s a t i s f i e d .  However, t h e  moment equat ion  w a s  not w e l l  satis- 
f i e d ,  e s p e c i a l l y  f o r  caps wi th  l a r g e  Q& and R/h. 
time t h e  source of t h i s  d i f f i c u l t y  i s  unknown. Future  s t u d i e s  of  t h e  
approximations which have been  made i n  the a n a i y t i c a l  and numerical 
work should lead t o  t h e  source of t h e  problem. 
A t  t h e  present  
CHAPTER V 
EXPERIMENTS ON HAIT-RINGS 
Figure 13 is a sketch of t h e  model used t o  t e s t  t h e  s h e a r  deforma- 
t i o n  theory.  The network of l i n e s  was inked on t h e  su r face  so t h a t  
Plexiglas base 
J 
4 7 S L  \ -\ 
I Rubber ring \c 
2 
Figure 13. Sketch of rubber t e s t  r i n g  wi th  E = 227.6 l b / i n . ,  v = ,464, 
and G = 77.6 lb/in. .  2
photographs of the deformation f i e l d  could be taken.  Dow-Corning 
S i l a s t i c  RTV room-curing rubber was chosen as t h e  material  f o r  two 
reasons.  Firs t ,  it i s  easy  t o  c a s t  i n t o  any des i r ed  shape. Second, 
it can be e a s i l y  bonded onto most hard m e t a l l i c  and nonmetall ic su r -  
f a c e s  during the  c a s t i n g  process .  Thus t h e  model w a s  c a s t  and bonded 
t o  hard P lex ig l a s  a t  t h e  f ixed  edge a = a, i n  one ope ra t ion .  
Because of t h e  ease  of  molding t h i s  material it was a l s o  easy t o  
c a s t  s t r i p s  fo r  modulus t es t s  a t  t h e  same t i m e  t h e  h a l f - r i n g  was being 
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c a s t .  
d e f l e c t i o n s  and loading rates and so, for t h e  purposes of t h e  cu r ren t  
experiment, it w a s  assumed t h a t  t h e  material w a s  Hookean. 
The modulus remained near ly  constant  over  a l a rge  range of  
The s implest  tests t o  ca r ry  out were t h e  load versus  c e n t r a l  de-  
f l e c t i o n  tests shown i n  Figure 14. The ha l f - r ing  w a s  mounted i n  a 
t a b l e  model I n s t r o n  t e s t i n g  machine and t r a v e l i n g  head d e f l e c t i o n  versus  
appl ied  load graphs were produced d i r e c t l y .  P i c t u r e s  of  t h e  r i n g  were 
a l s o  made simultaneously t o  record t h e  deformation p a t t e r n .  The I n s t r o n  
data w a s  easily reproducible  and showed exce l l en t  agreement wi th  shea r  
deformation theory .  The negative of t h e  deformed r ing  for N ( 9 0 )  = .OO7 
w a s  enlarged and superimposed on a negat ive of t h e  undeformed r i n g .  
From t h i s  p i c t u r e  t h e  experimental  p o i n t s  shown i n  Figure 15 were deter- 
mined. 
- 
Agreement wi th  shea r  theory w a s  aga in  good. 
I n  Figure 16 i s  shown a p l o t  of appl ied  load versus l ength  of 
t h e  contac t  region. The experimental  data was obtained by inking 
t h e  o u t e r  edge f = h/2 of  t h e  r ing  and p res s ing  it a g a i n s t  a p iece  of  
paper.  An independent check of t h i s  data w a s  accomplished when t e s t s  
wi th  a pressure  sensing device mounted i n  t h e  r i g i d  contac t ing  sur face  
y ie lded  about t h e  same r e s u l t s .  A poss ib l e  reason. f o r  t h e  discrepancy 
i s  t h e  neglec t ing  of a l l  dependence on t h e  coordinate  d i r e c t i o n  normal 
t o  t h e  a - f plane.  It i s  well-known that t h e  c ross -sec t ion  of a rec-  
t a n g u l a r  beam does not  remain rec tangular  during bending due t o  t h e  
Po i s son’ s  r a t i o  e f f e c t .  The r e s u l t  i n  t h i s  experiment was t h a t  t h e  
x o  
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ink p r i n t s  of t h e  contac t  region were not r ec t angu la r  t hus  making it 
d i f f i c u l t  t o  determine a true value f o r  3. 
Figure 17 shows a p l o t  of p re s su re  d i s t r i b u t i o n  versus  loca t ion .  
There is  no ind ica t ion  of peak va lues  of  pressure  near  t h e  edge of 
t h e  contac t  region i n  t h e  experimental  da t a .  However t h e s e  peak 
values have been observed for t h i n  r i n g s  i n  o t h e r  research  involving 
t h i n  ring analogies  f o r  pneumatic t ires.  
value of q' i s  predic ted  a t  the  edge of t h e  contac t  region i s  a shor t -  
coming of t h e  shear  deformation theo ry  as appl ied  i n  t h i s  t h e s i s .  It 
i s  presumed necessary t o  include t h e  e f f e c t s  of  t r ansve r se  normal de- 
formation t o  overcome t h i s  d i f f i c u l t y .  
The f a c t  t h a t  a nonzero 
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CHAPTER V I  
C ONC LUSI ONS 
A c l a s s  of  e l a s t i c  s h e l l  problems involving t h e  contac t  of cer -  
t a i n  symmetric s h e l l s  wi th  r i g i d  f la t  smooth su r faces  has  been con- 
s i d e r e d .  Shear deformation has been included i n  t h e  governing equat ions .  
It has  been shown t h a t  a poss ib le  means for analyzing such problems i n -  
volves  t h e  solving of t h e  system equat ions sepa ra t e ly  i n  t h e  f r e e  region 
and i n  t h e  contac t  region.  The two s o l u t i o n s  are then  matched a t  t h e  
common boundary a t  t h e  edge of t h e  contac t  reg ion .  
Numerical computations of t h e  deformations and stress r e s u l t a n t s  
f o r  h a l f - r i n g s  and s p h e r i c a l  caps with rad ius- to- th ickness  r a t i o s  which 
are 10 or less have shown t h a t  t h e  e f f e c t  of  shear  deformation should 
be included t o  avoid se r ious  error. Experiments performed on h a l f -  
r i n g s  tend t o  v e r i f y  t h e  shear-deformation a n a l y s i s .  An except ion i s  
t h e  p r e d i c t i o n  of t h e  normal stress i n  t h e  contac t  region. Although 
t h e  shear-deformation analysis o f f e r s  a b e t t e r  approximation than  
t h e  c l a s s i c a l  bending theory ,  it may be surmised t h a t  t r ansve r se  nor- 
m a l  stresses and s t r a i n s  should not  be neglected f o r  accu ra t e  p red ic -  
t i o n s  of t h i s  quant i ty .  
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APPENDIX 
NUMERICAL VALUES OF LOADS AND DISPLACEMENTS 
VARIOUS GEOMETRICAL AND MATERIAL P R O P E R T I E S  
FOR HALF-RINGS AND SPHERICAL C A P S  WITH 
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